A new upper bound for the prime counting function $\pi(x)$ by Agama, Theophilus & Kuissi, Wilfried
ar
X
iv
:1
70
6.
09
80
3v
1 
 [m
ath
.N
T]
  2
6 J
un
 20
17
A NEW UPPER BOUND FOR THE PRIME COUNTING
FUNCTION
THEOPHILUS AGAMA AND WILFRIED KUISSI
Abstract. In this paper we bring to light an upper bound for the prime
counting function pi(x) using elementary methods, that holds not only for
large positive real numbers but for all positive reals. It puts a threshold on
the number of primes p ≤ x for any given x.
1. Introduction
Let us set pi(x) :=
∑
p≤x
1. P.L Chebyshev was the first to obtain an unconditional
bound for the prime counting function, which was seen at the time as a major step
in proving the prime number theorem. He showed that provided x is sufficiently
large enough
c1
x
log x
≤ pi(x) ≤
6c1
5
x
log x
,
where c1 ≈ 0.92129 [2]. It is also known that
pi(x) <
x
log x
(
1 +
3
2 log x
)
for all x ≥ 2 [1]. In 2010, Pierre Dusart showed that
x
log x− 1
< pi(x)
for all x ≥ 5393, and
pi(x) ≤
x
log x− 1.1
for all x ≥ 60184 [3]. In this work we state and prove a slightly different upper
bound for the prime counting function, though much weaker than the ones above
for sufficiently large x.
Upper bound
Theorem 1.1. Let x ≥ 2, then
pi(x) ≤
⌈
log 2
x−1
2 + θ(x)
log x
⌉
,
where
θ(x) :=
∑
p≤x
log p and pi(x) :=
∑
p≤x
1.
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Remark 1.2. Note that it suffices to prove this theorem on the positive integers; in
particular, for the odd integers, and once that is done it will remain valid for all
real numbers.
Proof. The plan of attack is to count the number of even integers less than an odd
number x in two different ways. There are as many even integers as odd integers
less than x. Notice also that for 1 ≤ m < x, there are x−12 odd integers less than
x. On the other hand, notice that the set of all positive even integers is the union
of the sequences {m2α}, where m is distinct for each sequence and runs through
the odd integers and α runs through the positive integers (α = 1, 2, · · · ). Now, we
carry out partial counting the number of even integers less than or equal to x, by
considering only the cases where m is prime. Consider the sequence
2, 22, . . . . . . , 2m.
Clearly there are ⌊ log xlog 2 ⌋ such terms in this sequence. Again consider those of the
form
3 · 2, 3 · 22 . . . . . . , 3 · 2m.
Clearly there are ⌊ log(x/3)log 2 ⌋ such number of terms in this sequence. We terminate
the process, by considering the sequence
2 · p, p · 22, . . . . . . , p · 2m.
where p is prime. Again we see that there are ⌊ log(x/p)log 2 ⌋ such number of terms in
this sequence. In all our total count is given by
∑
p≤x

log
(
x
p
)
log 2
 .
In comparison with the previous count, we see that
x− 1
2
≥
∑
p≤x

log
(
x
p
)
log 2

≥
∑
p≤x
log
(
x
p
)
log 2
−
∑
p≤x


log
(
x
p
)
log 2

 .
Thus we see that
log 2
x−1
2 + log 2
∑
p≤x


log
(
x
p
)
log 2

 ≥
∑
p≤x
log x−
∑
p≤x
log p
≥ pi(x) log x−
∑
p≤x
log p.
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This culminates into the inequality
pi(x) ≤
log 2
x−1
2 + log 2
∑
p≤x


log
(
x
p
)
log 2

+
∑
p≤x
log p
log x
,
from which we see that
pi(x) ≤
log 2
x−1
2 +
∑
p≤x
log p
log x− log 2
.
And it follows that
pi(x) ≤
⌈
log 2
x−1
2 + θ(x)
log x
⌉
,
where {x} is the fractional part of x and θ(x) :=
∑
p≤x
log p is Chebyshev’s function.

Remark 1.3. We state a variant of this theorem, where we write the upper bound
in a more closed form and out of which asymptotic estimates follow very easily.
Corollary 1.1. For all x ≥ 2
pi(x) ≤
(
log 2
x−1
2 + θ(x)
log x
) ∞∑
j=0
(
log 2
log x
)j
Proof. The proof follows by rearranging the expression for the bound and recog-
nizing that | log 2/ logx| < 1 together with the use of the geometric series expan-
sion. 
Remark 1.4. This upper bound coincides somewhat with the Chebyshev’s estimate
for the prime counting function for sufficiently large values of x [2]. The advantage
this estimate has over Chebyshev’s estimate is that, it holds for all values of x.
Below is a justification of the former result which we write down as a corollary.
Corollary 1.2. For sufficiently large values of x
pi(x) ≤
(
1 +
log 2
2
)
x
log x
,
where
(
1 + log 22
)
≈ 1.3.
Proof. From Corollary 1.1, for sufficiently large x, it follows that
θ(x) ∼ x, and
(
x− 1
x
)
log 2
2
∼
log 2
2
and
∞∑
j=0
(
log 2
log x
)j
∼ 1,
and it turns out that
pi(x) ≤
(
1 +
log 2
2
)
x
log x
.

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Remark 1.5. It turns out from our numerical work that, the bound
pi(x) ≤
(
1 +
log 2
2
)
x
log x
,
remains valid for all x ≥ 2.
Corollary 1.3. For all x ≥ 3, we have
x∫
2
θ(t)
t log2 t
dt ≤
log 2
x−1
2
log x
+ 1.
Proof. Recall from Theorem 1.1 that
pi(x) ≤
⌈
log 2
x−1
2 + θ(x)
log x
⌉
≤
log 2
x−1
2 + θ(x)
log x
+ 1,
and using the well-known fact that
pi(x) =
θ(x)
log x
+
x∫
2
θ(t)
t log2 t
dt,
the result follows immediately. 
Corollary 1.4. For all x ≥ 3
x∫
2
pi(t)
t
dt ≤
(
x− 1
2
)
log 2 + log x.
Proof. Recall the well-known identity
θ(x) = pi(x) log x−
x∫
2
pi(t)
t
dt.
Again, by invoking Theorem 1.1 we have the bound
pi(x) ≤
⌈
log 2
x−1
2 + θ(x)
log x
⌉
≤
log 2
x−1
2 + θ(x)
log x
+ 1.
It then follows from the above expression that
x∫
2
pi(t)
t
dt ≤
(
x− 1
2
)
log 2 + log x,
valid for all x ≥ 3. 
Remark 1.6. The results obtained thus far reflects the elegance and the profundity
of the stated upper bound. We write another result which follows from this same
theorem, which we will use to establish an important inequality.
Corollary 1.5. For all x ≥ 3
pi(x) ≤
log 2
2
x+ 2.
Proof. The result follows from Corollary 1.4. 
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Theorem 1.7. For sufficiently large values of x, we have the relation
|pi(x) − Li(x)| ≤
(
x− 1
2
)
log 2 + log x−
x
log x
,
where Li(x) :=
x∫
2
dt
log t
.
Proof. From Corollary 1.4, it follows that for sufficiently large x
Li(x) ≤
x∫
2
pi(t)
t
dt ≤
(
x− 1
2
)
log 2 + log x.(1.1)
It is also known that
pi(x) >
x
log x
.(1.2)
for sufficiently large x [1]. It follows from (1.1) and (1.2) that
|Li(x) − pi(x)| ≤
(
x− 1
2
)
log 2 + log x−
x
log x
,
thereby establishing the relation. 
Remark 1.8. It follows from the above results that for all positive real numbers
pi(x) ≤
⌈
log 2
x−1
2 + θ(x)
log x
⌉
,
and that for all x ≥ 2
pi(x) ≤
(
1 +
log 2
2
)
x
log x
.
2. Conclusion
The above method for obtaining the upper bound for the prime counting function
is very simple and short. One that does not even require the use of various estimates.
It has also been revealed from our numerical work that this upper bound behaves
like the prime counting function for values of x within the ranges [5, 62].
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